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The paper offers a hybrid model which combines molecular dynamics and Monte Carlo (MD+MC) meth-
ods to describe primary radiation damage in crystals, caused by particles whose energies are no higher
than several tens of keV. The particles are tracked in accord with equations of motion with account for
pair interaction. The model also considers particle interaction with the mean-field potential (MFP) of
the crystal. Only particles involved in cascading are tracked. Equations of motion for these particles
include dissipative forces which describe energy exchange between cascade particles and electrons.
New particles – the atoms of the crystal in the cascade region – have stochastic parameters (phase coor-
dinates); they are sampled by the Monte Carlo method from the distribution that describes the classic
canonical ensemble of non-interacting particles subjected to the external MFP. The introduction of par-
ticle interaction with the MFP helps avoid difficulties related to crystal stability and the choice of an ade-
quate interparticle interaction potential in the traditional MD methods. Our technique is many times as
fast as the traditional MD methods because we consider only particles which are involved in cascading
and apply special methods to speedup the calculation of forces by accounting for the short-range pair
potential used.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Primary radiation effects in crystalline material are usually ana-
lyzed using Monte Carlo models implemented, for example, in such
codes as MARLOW [1,2] and TRIM-91 [3]. Many Monte Carlo mod-
els rely upon the assumption that interactions are binary. Up to
now, there has not been given an unambiguous answer to the
question from what energies particle interaction can be considered
binary, i.e., simultaneous interaction with several atoms from the
nearest surrounding can be neglected. However, multi-body inter-
action may be essential, causing specific trajectories where moving
particles have impact parameters close to those of several atoms
from the atomic rows in the crystal. The authors of [2] used an im-
proved binary model where kinematics of scattering allowed for
inelastic energy losses and the procedure of choosing the partner
for interaction was significantly improved to rule out repeated
interactions with one and the same atom and to allow simulta-
neous interaction with several atoms. Such improvements allow
the description of particle motion in the crystal channel, but
underestimate energy losses in contrast with the dynamic models
[4]. In Monte Carlo techniques, the new direction of the scattered
particle and the recoil atom are calculated using the asymptotic
behavior of scattering regardless specific surrounding. In reality,
the atom always moves in a force field of surrounding atoms and
ll rights reserved.
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its trajectory differs from that one constructed under the assump-
tions of local and binary interaction. In the study of Pu239, self-irra-
diation where most damage falls on a U235 atom which is produced
in the a-decay of Pu239 with an initial energy of �86 keV, the
approximations used in Monte Carlo techniques may essentially
distort the actual particle trajectory because its radius of curvature
is comparable with the distance between atoms in lattice nodes.

With the above shortcomings of MC techniques borne in mind,
it is safe to say that semi-dynamic and dynamic models fit better
the simulation of cascades initiated by low-energy particles. The
authors of [4] give a hierarchy of cascading models and suggest
that dynamic models are on the top in the hierarchy of models
describing primary radiation effects in crystals. In their view, the
use of dynamic models for the simulation of the low-energy phase
is absolutely indispensable because only these models can reliably
track the chains of focused collisions and replacements that essen-
tially contribute to mass and energy transfer in crystal.

Dynamic models have long been used to model cascades, but
they are rather time-consuming which results in their uses mainly
for low-energy particles (several tens of eV). In case of high-energy
particles, the simulation of one cascade requires a very long time,
not to speak of a number of cascades that would be sufficient to
evaluate cascade statistics.

Another problem of dynamic models is the selection of an
appropriate potential. It is difficult to find such a potential that
would ensure crystallite stability with no disturbance of the lattice
structure. As a rule, cascading is modeled using central interatomic
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potentials, i.e., UðrijÞ ¼ Uðj~ri �~rjjÞ, though this assumption does not
hold for covalent crystals [4].

The above shortcomings of MC and MD models make it neces-
sary to develop a semi-dynamic technique which would help re-
duce the time required for modeling primary radiation damage.
The technique must be free of all drawbacks peculiar to MC mod-
els. It must provide a rather high speed of calculation and the free
choice of potentials without disturbing crystal stability.
2. Basic assumptions

The technique proposed is based on the molecular dynamics
method where the particle trajectory is constructed from the solu-
tion of the equation of motion for interacting particles subjected to
the MFP. Considered are only particles involved in the cascade, i.e.,
the particles whose distance to cascade and excited particles is less
than a specified interaction range. Cascade particles are the parti-
cles whose total energy is positive (free particles). Excited particles
are the bonded particles (with a negative total energy) near the lat-
tice node, whose energy is higher than a specified value. Equations
of motion for these particles are solved with account for dissipative
forces describing the electronic energy loss. When a new particle
enters the region of already modeled particles, its parameters
(~r;~v) are sampled from a distribution which describes the classic
canonical ensemble of non-interacting particles subjected to the
MFP:

f ð~r;~vÞ ¼ 1
Z
� exp �m � v2=2þ UMFPð~rÞ

kTcr

� �
; ð1Þ

where~r is distance to the current lattice node. It has been shown in
[5] that the classic description can be applied to most crystals in a
wide temperature range. The MFP is a ‘binding’ potential in the
form of non-overlapping spherical potential wells:
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where emax is the depth of the potential well; ~R~n;‘ ¼ ~j‘þ
n1 �~e1 þ n2 �~e2 þ n3 �~e3 is the node position vector defined by the
position vectors ~j‘, the basis vectors~e1;~e2;~e3 and the integer vector
~n � ðn1;n2; n3Þ; v is a dimension coefficient defined below; Rmax ¼ffiffiffiffiffiffiffiffiffiffi
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is the maximum effective range of the potential for the cur-

rent node. The MFP defines the structure of the crystal, describes
thermal displacements of atoms in the node and reproduces the
average energy that is needed to displace an atom. The MFP must
be binding and negative. The particles whose total energy is nega-
tive are assumed to be bonded (or excited particles in the cascade)
and those whose total energy is positive are free (or cascade parti-
cles). Moreover, particles interact with each other by force of the
repulsive pair potential describing the process of scattering:

UðrijÞ ¼
Z1 � Z2 � e2
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where a and Uðrij

a Þ are, respectively, a screening parameter and a
screening function defined as
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a0 = 0.529 Å is the first Bohr orbit, Z1 and Z2 are charges (atomic
numbers) of interacting particles, rij ¼ j~ri �~rjj is distance between
interacting particles. The model allows using an arbitrary potential
of the form (3) by defining appropriate coefficients of the screening
function, including Moliere, universal and other potentials [4]. At
each time step, we find candidate particles from among the parti-
cles not yet involved in modeling for each modeled particle whose
energy is higher than a specified value by searching the nearest
nodes to its current position. After finding all candidates, we check
whether the node has been initiated or not. If yes, the candidate
particle is rejected. The model neglects structural changes resulted
from the displacement of atoms from lattice nodes which appar-
ently influences the MFP. It does not allow for changes in the basic
parameters such as the mean-square displacement and the energy
of atom displacement from the lattice node caused by the disturbed
lattice spacing and the heating of the crystal. Thus MFP parameters
do not change in the process of cascade formation. The same short-
comings are present in all MC techniques used to model cascading.
So, the detailed modeling of cascade evolution requires that its fast
stage be simulated with MD techniques. Our MD+MC technique is
capable of describing, in some measure, the effects which can be
hardly reproduced in the traditional MC methods, specifically,
recovery of atomic displacements as some cascade particles ‘settle
down’, the chain of collisions along crystallographic directions,
the chain of replacements which essentially contribute to mass
and energy transfer, and the cooling of the cascade region due to
the electronic energy loss.
3. Simulation of atomic cascades caused by d-plutonium
self-irradiation

As mentioned above, to construct the mean-field potential used
in the proposed method we need to know such parameters as the
average energy required to displace an atom from the lattice node,
hEdisi, and the mean-square thermal displacement of atoms hu2i,
and data on the crystalline structure. Data on the mean-square
thermal displacement and the crystalline structure of plutonium
(a, b, c and d phases) can be obtained experimentally from X-ray
and neutron diffraction and from photon spectra obtained in
inelastic neutron scattering experiments [11–13]. Values of hEdisi
for plutonium have not yet been measured reliably, but the author
of [7] proposes an estimate derived from the empiric dependence
hEdisi ffi 175 � k � Tm½K�, where Tmelt is the temperature of melting
which equals 913 K for d-plutonium. With this temperature we
can estimate that the average displacement energy roughly equals
14 eV. Another value has recently been obtained in MD simulations
with the potential [8] whose parameters were taken to be such as
to fit the macroscopic characteristics of the crystal. This value
equals 10 eV. Both the values were used in calculations.

Another important issue in cascade modeling is the description
of the electronic energy loss which is of importance for not only
our method, but for all methods that model radiation damage in
material. Up to now, there has not been proposed a model which
would be simple and accurately describe the electronic energy loss.
In most cases, energy dissipation for low-energy cascade particles
is described using the Lindhard–Scharff model, often with a correc-
tion factor [14] which is defined from correspondence between an
integral parameter, say range, measured and calculated. Here, we
have two parameters that can be varied: the average displacement
energy and the correction factor of the Lindhard–Scharff stopping
power. For the former, we have only two values recommended.
Therefore, the correction factor is selected in accord with the aver-
age cascade size (or the average number of Frenkel pairs) in calcu-
lations. For hEdisi ¼ 10 eV, the correction factor must be no smaller
than three to ensure that the estimated cascade size is close to that
in [7]: �7.5 nm. In this case, the number of Frenkel pairs (�2000)
roughly agrees with the estimate provided in [7], but the electronic
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energy loss we obtain, specifically �47% of the initial energy of the
initiating particle, markedly differs from �25%. Moreover, this fac-
tor does not ensure agreement with the coefficient of the dissipa-
tive force obtained by the Hakkinen model [10]; its estimate is
provided in [15]. For hEdisi ¼ 14 eV, the correction factor must be
�1. In this case, all calculated parameters are close to estimates ob-
tained in [7]: an average cascade size of �8.4 nm; �2000 Frenkel
pairs; and an electronic energy loss of �30%. All the above allows
us to simulate cascading with hEdisi ¼ 14 eV until reliable experi-
mental data are available. However, such parameters as the aver-
age displacement energy and the Lindhard–Scharff coefficient [9]
need to be taken consistently with the pair potential used. In all
calculations presented here, we used the Moliere potential (3)
and (4).

3.1. Evolution of atomic cascades from d-plutonium self-irradiation

Simulation results suggest that the entire process of cascade
formation can be divided into a number of stages.

An active cascading stage involves collisions in which large
portions of energy (about several keV) are transferred to recoil
atoms which become rather energetic and leave their positions in
lattice nodes (see Fig. 1). The reason for this stage is as follows. An
initiating particle (U235 which is a Pu239 decay product) starts its
motion from the node of the lattice slightly distorted by thermal
oscillations in any direction (all directions are equiprobable). Since
the particle has a high-energy, it inevitably reaches a scatterer
atom with small impact parameters causing large energy redistri-
bution between the scattered particle and the scatterer. The parti-
cle approaches the scatterer atom rather closely and after
scattering, not one but two particles behave as initiating, but with
lower energies. This process continues until the energy of the par-
ticle decreases to such a low value that the minimal approach dis-
tance between atoms becomes comparable with the half-distance
between lattice nodes (�1–10 keV). Fast cascade particles inten-
sively lose energy to recoil atoms and electrons. The number of
particles involved in the cascade rapidly grows and the cascade re-
gion extends fast. This stage lasts for �0.05–0.1 ps. The energy of
cascade particles is �103–104 eV on average. Then the cascade
gradually enters the next stage.
Fig. 1. The initial stage of cascading (to t = 0.075 ps) left: the red dots show the tracks of c
excited particles in lattice nodes. Right: particle tracks are painted with respect to their k
reader is referred to the web version of this article.)
A channeling stage is characterized by particle motion along
crystallographic directions (channels) which causes a lot of dis-
placements with small energy losses to recoil atoms and hence
the slow energy loss by channeling particles (Fig. 2). Atoms dis-
placed by a channeling particle also move along channels causing
further displacements with yet smaller energy losses. The cascade
gives rise to a great number of sub-cascades which often overlap.
In this stage, high-energy cascade particles lose energy slower than
in the stage of active cascading. The number of particles involved in
the cascade also increases slower. The cascade region extends
slower, but the number of displacements (Frenkel pairs) is rather
high. The stage continues to �0.3–0.4 ps; the energy of cascade
particles is �10–103 eV on average.

A replacement stage is characterized by a much slower growth
of the cascade and the lower electronic energy loss. The number of
cascade particles decreases due to annihilation of Frenkel pairs.
The stage is featured by chains of atomic replacements (Fig. 3).
The number of particles in the cascade grows due to mainly pho-
non excitation (with no production of Frenkel pairs). The stage
exhibits effects of collision chains along crystallographic axes with
no atom displacements, which usually terminate with Frenkel pair
annihilation. Sub-cascades often overlap. The average energy of
cascade particles decreases to several eV. Frenkel pairs annihilate
when a cascade particle near a vacancy site transfers a portion of
its energy to a neighbor atom and occupies the site. The neighbor
atom remains excited, but does not create a vacancy. The process
which occurs more often is the replacement of an atom in the lat-
tice node by a cascade particle. One Frenkel pair annihilates to pro-
duce another, causing single replacements or replacement chains
(Fig. 3A). The chains terminate with either annihilation of the Fren-
kel pair or birth of an interstitial atom. Cascade modeling to long
times with the proposed method may distort processes in the de-
formed crystal because the model assumes that the crystalline lat-
tice is perfect, while cascading disturbs lattice spacing and form
which is not accounted for (except for the thermal deformation
of the lattice). We can recommend that the proposed model be
used to follow cascading to about 0.5–1 ps. As a rule, by these
times the maximum energy of particles in the cascade decreases
to �20 eV, and further modeling can be done with the traditional
molecular dynamics models.
ascade particles and the blue and green ones show the tracks of weakly and strongly
inetic energy. (For interpretation of the references to colour in this figure legend, the



Fig. 3. Cascade tracks at the replacement stage; t = 1.06 ps. (A) A spectacular replacement chain; (B) tracks of collision chains (arrows) without displacement of atoms from
lattice nodes.

Fig. 2. The initial stage of channeling: particle tracks along channels. Circled are spectacular tracks of channeling particles. One of them is zoomed on the right. The kinetic
energy of this particle is �6365 eV at t = 0.054 ps and �5230 eV at t = 0.105 ps.
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3.2. Statistics of atomic cascades from plutonium self-irradiation

Cascading is a statistical process whose characteristics, such as
the size of the damage area, the average energy of cascade particles
and the number of cascade particles or Frenkel pairs, may strongly
depend on the direction of the initiating particle. It is necessary to
estimate cascade characteristics by averaging over a large number
of cascades. The code MANDRAGOR was developed just for this
purpose. It was used to obtain a number of characteristics which
could help attain a better understanding of cascading processes.
The characteristics averaged with the proposed model can be used
to investigate structural changes caused by self-irradiation with re-
spect to different alloying additions, temperature, pressure and
other parameters. MANDRAGOR calculations show the current
number of Frenkel pairs to be much smaller than the total number
of replacements. So, the number of Frenkel pairs in d-Pu is �1000,
while the total number of displacements produced in the cascade
during the same time is �2400. In calculations by the code TRCR2



Table 1
Total number of Frenkel pairs from U235 produced in the a-decay of Pu239.

d-Pu d-Pu + Ga (5%)

TRCR2 [20] 2590 2534
MANDRAGOR 2440 2244
Wolfer [8] 2290 –
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[15] in the same setup, the total number of displacements is larger
than that obtained by MANDRAGOR. This may result from the fact
that TRCR2 does not account for changes in the crystallite state
which were induced by the cascade earlier. In other words, TRCR2
does not allow sub-cascades to overlap which leads to slightly
overestimated total displacements. Table 1 contains the total num-
ber of Frenkel pairs produced by the cascade.

4. Conclusion

The paper proposes a technique to model cascades initiated by
the recoil atom produced in charged-particle emission decay. Its
capabilities are demonstrated through the simulation of atomic
cascades in d-plutonium, produced in the a-decay of Pu239. Cascad-
ing processes are analyzed with respect to the energy of particles
in the cascade. The technique has been shown to give a better
description of low-energy cascade characteristics than that used
in [15]. The technique allows an easy exchange of data on the mod-
eled cascade with other MD codes for further modeling of primary
radiation damage effects, making it possible to simulate self-irradi-
ation-induced micro-scale processes in one run. The technique also
gives statistical estimates which can be used to investigate struc-
tural changes from self-irradiation with respect to alloying addi-
tions, temperature, pressure and other parameters.
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